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Ab initio calculations on simple saturated hydrocarbons have been carried out using a basis set 
of orthogonalized hybrid orbitals. We propose a simple parametric procedure based on the observed 
transferability of Fock matrix elements calculated in this basis set. Some applications are performed in 
order to test this simplified non empirical method. 
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1. Introduction 

Ab initio calculations are still impractical for large and very large molecules. 
Many approximations have been suggested to simplify the LCAO-SCF-MO 
method, especially to avoid the evaluation of electron repulsion integrals. We shall 
only consider here techniques based on the transferability of Fock matrix elements 
calculated in different kinds of basis sets. 

The first procedure is the well-known Hiickel method [1] using the a - n  
approximation. It was generalized by Daudel and Sandorfy [2] (approximation 
"C") and subsequently by Sandorfy [3] and Fukui [4] (approximation "H"). 

Later on, Newton, Boer, and Lipscomb [5] used the transferability of diagonal 
Fock matrix elements in a basis set of atomic orbitals; and recently, Eilers and 
Whitman 1-6] showed the excellent transferability of h scF elements in a basis set - -pq  

of hybrid orbitals and developped a simplified method (SAMO) for applications 
to large molecules. Their results were generalized by Duke, Eilers, and O'Leary [7]. 

We have to notice the parametric procedure of Degand, Leory, and Peeters [8] 
based on the use of localized orbitals. 

Our work is the generalization of a method suggested simultaneously by Adams 
and Miller [9] and by Leroy and Jaspers [113] to study conjugated systems. 

In the procedure described here, we use a basis set of orthogonalized hybrid 
orbitals similar to that proposed by McWeeny in order to justify methods based 
on zero differential overlap approximation I'l 1]. 

2. Method 

We use a basis set of orthogonalized hybrids ~) defined in terms of the atomic 
orbitals (Z) by the relation: 
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Fig. 1. Hybrid orbitals for propane 

where ~h orthogonalizes the ls orbital of each carbon to the 2s orbital of the 
same carbon and to the ls orbitals of hydrogens on this carbon; ~ forms con- 
ventional sp 3 hybrids taking into account the experimental values of bond angles; 
~; is a matrix which orthogonalizes all orbitals by the symmetric procedure of 
L6wdin. We shall discuss later this particular choice of basis set. Figure 1 shows a 
typical representation of orbitals used for propane. 

In the LCAO-SCF-MO method, molecular orbitals are written in matrix 
form as: q~ = Zg.  (2) 

The LCAO coefficients are obtained by solving the Roothaan equations: 

~ = A ~ (3) 
with ~* A ~ = 1. 

In the basis set of orthogonalized hybrid orbitals, Eq. (3) becomes: 

with -9~ = ~ (4) 
~ * ~ =  i. 

In this formulation, the total energy is written as: 

Zs Zs, (5) 
E T = tr ~(~N + ~) + •s< ~"s, Rjj, 

where ~ is the density matrix defined in terms of the orthogonalized hybrid orbitals. 
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From a practical point of view, we calculate the Fock matrix elements in the 
basis set of orthogonalized hybrid orbitals by the relation: 

= X* ~* ~ h ~ ;  �9 (6) 

We take the matrix .~ from an ab initio calculation carried out using the computer 
program IBMOL [12] and a 7s 3p contracted basis set [13]. 

We have studied simple saturated hydrocarbons: methane, ethane, propane, 
butane, and isobutane. In the next section, we present the results obtained and 
discuss the transferability of matrix elements. 

3. Results and Discussion 

In Table 1, we given some Fock matrix elements calculated in the following 
basis sets. 

Atomic orbitals (AO). 
Orbitals orthogonalized by S h (Sh). 
Hybrid orbitals (V). 
Hybrid orbitals orthogonalized by Sh (Sh V). 
Hybrid orbitals orthogonalized by the L~wdin's procedure (V T). 
Orbitals defined by Relation (1) (Sh V T). 
We can see that orthogonalization systematically lowers the values of Fock 

matrix elements, especially when we perform a double orthogonalization (S h V 7). 
We give in T~ble 2 the values calculated in the S h VTbasis set for equivalent 

matrix elements in ethane, propane and butane. We can see a good transferability 
of these elements; moreover the value of a given element decreases rapidly when 
the distance between the corresponding centers increases. 

It is interesting to notice that non diagonal matrix elements can be written as a 
simple function of the dihedral angle (0) defined by the sequence of atoms HCCH.  

So the value of the element t~ t~ can be obtained by the relation: 

t~ t~ = 0.0011 + 0.0846 cos 0 (7) 

with i = 1, 2 or 3 and j = 1, 2 and 4. 

T a b l e  1. H F  e l e m e n t s  o f  m e t h a n e  i n  d i f f e r e n t  b a s i s  s e t s  

E l e m e n t  A O  S h V S h V V T S h V T 

h I h I - 0 . 6 4 0 0  - 0 . 5 7 1 7  - 0 . 6 4 0 0  - 0 . 5 7 1 7  - 0 . 0 4 3 6  - 0 . 0 3 6 2  

l s C l s C  - 1 1 . 3 7 3 7  - 1 1 . 3 7 3 7  - 1 1 . 3 7 3 7  - 1 1 . 3 7 3 7  - 1 1 . 0 7 6 0  - 1 1 . 3 7 3 6  

t 1 t 1 - -  - -  - -  0 . 8 3 5 3  - 0 . 5 8 8 0  - -  0 . 2 4 8 3  - -  0 . 1 8 1 3  

2sC2sC - 1 . 9 1 8 2  - 0 . 9 8 2 6  - -  - -  

2 p  2 p  - 0 . 4 7 4 4  - 0 . 4 7 4 4  . . . .  

hlh  2 - 0 . 3 6 6 1  - 0 . 2 9 5 7  - 0 . 3 6 6 1  - 0 . 2 9 5 7  - 0 . 0 8 1 7  - 0 . 0 7 3 6  

l sCh  - 0 . 9 0 9 5  - 0 . 0 2 1 8  - 0 . 9 0 6 1  - 0 . 0 2 1 8  - 0 . 1 2 0 2  - 0 . 0 0 8 3  

t I h ~ - -  - -  - 0 . 8 0 8 8  - 0 . 6 8 6 5  - 0 . 5 9 4 0  - 0 . 5 8 2 0  

2sCh - 0 . 8 8 0 0  - -  0 . 6 3 3 3  - -  - -  

2ph + 0 . 2 4 5 9  _+ 0 . 2 4 6 6  - -  - -  

t i t  2 - -  - -  - 0 . 3 6 1 0  - 0 . 1 1 3 6  - 0 . 0 8 6 8  - 0 . 0 2 0 4  

l s C t  - -  - 1 . 7 4 8 6  - 0 . 0 2 2 1  - 0 . 8 8 0 7  - 0 . 0 2 1 0  
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Mean values of Fock matrix elements between orthogonalized hybrid orbitals 
can be obtained by considering the results described above. These elements may 
then be considered as parameters which can be used to build the matrix ~ for any 
alkane and unstrained cycloalkane, 

If we don't take into account interactions between one center and its third 
neighbours and if w e put to zero values lower than 7- 10 - 3  a.u., we get the 32 
parameters of the Table 3. 

Table  2. Equ iva len t  Fock  ma t r ix  e lements  in a lkanes  (a.u.) 

E lement  E t h a n e  P r o p a n e  Butane  

h01 h~] - 0 . 0 7 2 2  - 0 . 0 7 3 6  
h~ h~ - 0 . 0 1 5 6  - 0 . 0 1 6 8  
ho ~ hE - -  - -0.0019 
h~ h 2 - -  - -  

l sCoh  o +0.0112  +0 .0117  
lsCo ha - 0 . 0 5 1 7  - 0 . 0 5 5 3  
1S C 0 h 2 - -  - 0 . 0 0 7 0  

lsCo h3 - -  __ 

to ~ to ~ --0 .1487 - 0 , 1 4 9 4  
to ~ t~ - 0 . 0 1 9 6  - 0 . 0 2 0 4  
to ~ t l  + 0.0856 + 0.0896 
to ~ t ~, - -  - 0 . 0 0 7 1  
t~ t~ - -  - 

- 0 . 0 7 2 3  
- 0 . 0 1 6 9  
- 0 . 0 0 2 4  
--0.0000 

+0 .0110  
- 0 . 0 5 2 8  
- 0 . 0 0 7 7  
-0 .0001  

-0 .1471  
- 0 . 0 2 1 3  
+O.O834 
- 0 . 0 0 5 6  
- 0 . 0 0 0 3  

�9 Tab le  3. P a r am e te r s  for the  cons t ruc t ion  of  ~ mat r ices  (a.u.) 

a) D iago na l  elements_ b) E lemen t s  wi thin  a center 

h~h~ - 0.0390 l s C o h ~ ( i = l , 2 , 3  ) +0.0314 
l sC lsC(CH4) - 1 1 . 3 7 3 7  l sCot~ +0.1092  
l s C l s C  (pr imary)  - 11.3544 h~ h~ (i = 2, 3) - 0 . 0 6 9 8  
l sC  l sC  (secondary)  - 11.3457 h~ t~ ( i =  1, 2, 3) - 0 . 5 8 2 2  
l sC l s C (tertiary) - 11.3407 h~ t~ (i = 2, 3, 4) - 0 . 0 5 8 7  
4 4- tot  o -- 0.1441 t~ t 'o ( i=2 ,3 ,4  ) --0.0204 

t~ot~o (i = 1, 2, 3) - 0.1665 

c) E lemen t s  be tween a center  d) E l emen t s  between a center 
and its first ne ighbours  and its second ne ighbours  

I s Co hi (i = 1, 2, 3) - 0.0486 I s C 0 t24 , 0 . 0 3 1 1  
lsCo t~ - 0.4769 t~ t~ - 0 . 0 8 8 5  
lsCo t~ (i = 1, 2, 4) + 0.0371 t~ t~ (i = 1, 2) + 0.0093 
h~ h~ (i = 1, 2) - 0.0230 t~ h~ a - 0.0229 
h~h~ - 0.0153 t ~ h ~ ( i = l , 2 )  - 0 . 0 1 1 8  
h~ t~ (i = 1, 2, 3) - 0.0693 to 3 t~ - 0 . 0 3 6 8  
4 3 to t  I -- 0.6305 t ~ h ~ ( i = l , 2 )  +0.0114  

t4 t]( i  = 1 ,2 ,4)  - 0.0463 h03 h23 - 0 . 0 0 7 5  
t~ t] (i = 1, 2) + 0.0891 h~ h~ (i = 1, 2) - 0 . 0 2 5 6  

1 2 t o t t -- 0.0353 
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In the next section, we describe the results obtained for the pattern molecules 
and for two new compounds, neopentane and cyclohexane for which we have 
complete ab initio results. 

4. Description and Application of a Parametric LCHO-SCF-MO Procedure 

4.1. Formulation 

Our procedure may be considered as a Hiickel method in which all electrons 
are included and where the numerical values of parameters ~ and fl are known. 

T a b l e  4 .  O r b i t a l  e n e r g i e s  a n d  t o t a l  e n e r g i e s  (Er) o f  a l k a n e s  ( a . u . )  

d i a g o -  Ab initio ~ d i a g o -  Ab initio 
n a l i z a t i o n  c a l c u l a t i o n  n a l i z a t i o n  c a l c u l a t i o n  

M e t h a n e  - 1 1 . 3 7 4 1  - 1 1 . 3 7 3 8  P r o p a n e  - 1 1 . 3 9 3 9  - 1 1 . 3 9 1 7  

- 0 . 9 9 6 3  - 0 . 9 9 0 4  - 1 1 . 3 7 9 2  - 1 1 . 3 7 6 9  

- 0 . 5 8 8 6  - 0 . 6 0 0 0  - 1 1 . 3 6 9 3  - 1 1 . 3 7 6 9  

- 0 . 5 8 8 6  - 0 . 6 0 0 0  - 1 . 1 3 0 8  - 1 . 1 2 4 0  

- 0 . 5 8 8 6  - 0 . 6 0 0 0  - 0 . 9 7 5 1  - 0 . 9 8 4 4  

- 0 . 8 4 3 2  - 0 . 8 5 2 5  

E T =  - -  3 9 . 8 7 6 2  - -  3 9 . 9 6 3 3  - -  0 . 6 9 8 8  - -  0 . 6 8 5 7  

- -  0 . 6 6 8 5  - -  0 . 6 6 3 6  

E t h a n e  - 1 1 . 3 8 5 3  - 1 1 . 3 8 1 2  - 0 . 6 1 9 5  - 0 . 6 2 0 0  

- 1 1 . 3 6 7 6  - 1 1 . 3 8 0 8  - 0 . 5 7 8 0  - 0 . 5 9 1 0  

- 1 . 0 8 8 7  - 1 . 0 7 6 7  - 0 . 5 3 7 9  - 0 . 5 4 9 1  

- 0 . 8 7 8 2  - 0 . 8 8 2 1  - 0 . 5 3 0 1  - 0 . 5 4 3 8  

- 0 . 6 6 1 8  - 0 . 6 5 5 1  - 0 . 5 0 5 0  - 0 . 5 2 4 2  

- 0 . 6 6 1 8  - 0 . 6 5 5 1  

- 0 . 5 8 7 4  - 0 . 5 7 5 2  

- 0 . 5 2 3 3  - 0 . 5 4 1 9  

- 0 . 5 2 3 3  - 0 . 5 4 1 9  

E T 

B u t a n e  

E T =  - 1 1 7 . 5 3 5 4  - 1 1 7 . 6 6 9 2  

- -  7 8 . 7 6 7 9  - -  7 8 . 8 2 4 9  

- 1 1 . 3 9 5 9  - 1 1 . 3 8 6 0  I s o - b u t a n e  - 1 1 . 4 0 9 2  

- 1 1 . 3 9 0 9  - 1 1 . 3 8 5 5  - 1 1 . 3 7 9 2  

- 1 1 ~ 3 7 5 8  - 1 1 . 3 7 6 4  - 1 1 . 3 7 9 2  

- 1 1 . 3 6 9 3  - 1 1 . 3 7 6 4  - 1 1 . 3 6 8 0  

- 1 . 1 4 5 1  - 1 . 1 3 4 3  - 1 . 1 5 6 7  

- 1 . 0 4 2 8  - 1 . 0 3 8 5  - 0 . 9 7 8 0  

- 0 . 9 0 4 9  - 0 . 9 1 2 3  - 0 . 9 7 8 0  

- 0 . 8 3 6 5  - 0 . 8 4 0 0  - 0 . 8 2 1 9  

- 0 . 7 1 8 4  - 0 . 6 9 0 0  - 0 . 7 1 3 7  

- 0 . 6 5 8 9  - 0 . 6 5 0 6  - 0 . 6 5 8 1  

- 0 . 6 5 7 1  - '  0 . 6 4 1 6  - 0 . 6 5 8 1  

- 0 . 6 2 4 5  - 0 . 6 2 3 4  - 0 . 5 8 0 8  

- 0 . 5 7 5 2  - 0 . 5 7 7 1  - 0 . 5 8 0 8  

- 0 . 5 3 6 9  - 0 . 5 4 9 1  - 0 . 5 6 4 6  

- 0 . 5 3 6 9  - 0 . 5 4 6 1  - 0 . 5 2 7 1  

- 0 . 5 1 4 4  - 0 . 5 2 8 5  - 0 . 5 2 7 1  

- 0 . 4 9 8 9  - 0 . 5 1 1 5  - 0 . 5 0 8 6  

- -  1 1 . 3 9 9 5  

- 1 1 . 3 7 2 8  

- 1 1 . 3 7 2 8  

- 1 1 . 3 7 2 7  

- 1 . 1 5 1 3  

- -  0 . 9 8 0 3  

- -  0 . 9 8 0 3  

- -  0 . 8 1 5 7  

- -  0 1 6 9 2 5  

- 0 . 6 5 2 2  

- 0 . 6 5 2 2  

- -  0 . 5 9 2 1  

- 0 . 5 9 2 1  

- -  0 , 5 6 5 6  

- 0 . 5 3 2 2  

- -  0 . 5 3 2 2  

- 0 . 5 2 3 0  

E r = - 1 5 6 . 2 7 1 9  - 1 5 6 . 5 3 8 7  E T  = - -  1 5 7 . 0 4 6 6  - - 1 5 6 . 5 4 2 9  
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In order to study any saturated hydrocarbon, we have first to build the corre- 
sponding synthetic Fock matrix by using the parameters of Table 3. 

This matrix satisfies the Eq. (4).. So a diagonalization yields directly 
LCHO-SCF-MO coefficients and molecular orbital energies. Then every classical 
result of an ab initio calculation may be easily calculated. Total energy, for instance, 
is obtained by Eq. (5). 

4.2. Test and Application of the Method 

In order to test our parametric procedure, calculations have been performed 
on saturated hydrocarbons for which we have ab initio results. 

In Table 4, we compare molecular orbital energies and total energies of the 
first terms of the alkane series obtained from an ab initio calculation and from 
our parametric procedure. This one yields satisfactory results. Orbital degen- 
eracies are well reproduced and the order of magnitude of root mean square 
deviations on orbital energies is of 10 .3 a.u. 

We studied also neopentane and cyclohexane which were not used in the 
evaluation of parameters. 

Table 5 allows us to compare their molecular orbital energies obtained from 
an ab initio calculation and from our simplified method. Once more, a good 

T a b l e  5. O r b i t a l  e n e r g i e s  o f  n e o p e n t a n e  a n d  c y c l o h e x a n e  ( a . u . )  

N e o p e n t a n e  C y c l o h e x a n e  

d i a g o n a l i z a t i o n  Ab initio ~ d i a g o n a l i z a t i o n  

c a l c u l a t i o n  

Ab initio 
c a l c u l a t i o n  

- 1 1 . 4 3 0 3  - 1 1 . 4 0 8 0  - 1 1 . 3 9 7 5  - 1 1 . 3 8 1 2  

- - 1 1 . 3 7 9 2  - - 1 1 , 3 7 1 0  - 1 1 , 3 9 7 5  - 1 1 . 3 8 1 0  

- l l . 3 7 9 2  - - 1 1 , 3 7 1 0  - - 1 1 . 3 9 4 5  - 1 1 . 3 8 1 0  

- 1 1 . 3 7 9 2  - 1 1 , 3 7 1 0  - 1 1 . 3 8 7 4  - 1 1 . 3 8 0 5  

- - 1 1 . 3 6 5 8  - 1 1 , 3 7 1 0  - 1 1 . 3 8 7 4  - 1 1 . 3 8 0 5  

- 1 . 1 7 9 1  - 1 . 1 8 3 9  - - 1 1 . 3 7 2 8  - 1 1 . 3 8 0 2  

- -  0 . 9 8 1 0  - 0 , 9 8 9 5  - 1 . 1 8 1 8  - -  1 . 1 9 3 2  

- 0 . 9 8 1 0  - 0 . 9 8 9 5  - 1 . 0 6 7 8  - 1 . 0 7 0 7  

- -  0 . 9 8 1 0  - -  0 . 9 8 9 5  - 1 . 0 6 7 8  - 1 . 0 7 0 7  

- -  0 . 8 0 6 3  - -  0 . 7 8 3 9  - -  0 . 8 8 1 9  - -  0 . 8 8 3 9  

- -  0 . 6 8 3 7  - 0 . 6 7 8 1  - -  0 . 8 8 1 9  - -  0 . 8 8 3 9  

- -  0 . 6 8 3 7  - 0 . 6 7 8 1  - 0 . 8 1 3 2  - -  0 . 8 0 9 7  

- -  0 . 6 8 3 7  - 0 . 6 7 8 1  - 0 . 7 3 1 7  - -  0 . 7 1 5 9  

- -  0 . 5 9 2 1  - 0 . 6 1 8 3  - -  0 . 6 7 3 1  - 0 . 6 6 7 0  

- 0 . 5 9 2 1  - 0 . 6 1 8 3  - 0 . 6 7 3 1  - 0 . 6 6 7 0  

- 0 . 5 6 4 6  - -  0 . 5 7 2 0  - 0 . 6 5 8 5  - 0 . 6 6 5 1  

- 0 . 5 6 4 6  - 0 . 5 7 2 0  - -  0 . 6 0 6 8  - -  0 . 5 9 6 1  

- 0 . 5 6 4 6  - -  0 . 5 7 2 0  - 0 . 6 0 6 8  - 0 , 5 9 6 1  

- 0 . 5 2 0 5  - -  0 . 5 2 8 2  - -  0 . 5 8 9 8  - 0 , 5 9 5 4  

- 0 . 5 2 0 5  - -  0 . 5 2 8 2  - -  0 . 5 3 6 2  - 0 . 5 5 1 1  

- -  0 . 5 2 0 5  - -  0 . 5 2 8 2  - 0 . 5 3 6 2  - -  0 . 5 5 1 1  

- -  0 . 4 9 6 3  - -  0 . 5 2 2 0  

- -  0 . 4 8 9 6  - 0 , 4 9 6 3  

- -  0 . 4 8 9 6  - -  0 . 4 9 6 3  
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agreement  exists between the two series of values. N o  inversions in the ordering 
of the orbitals,  even for closely spaced energies have been noticed, except for the 1 s 
orbitals of  n-butane  which energies are less well reproduced  than  the others. 

5. Conclusion 

In a basis set of or thogonal ized  hybr id  orbitals,  the Fock  matr ix  elements are 
t ransferable f rom one c o m p o u n d  to another .  Moreover ,  in this basis set, the 
values of  non  diagonal  te rms of the Fock  mat r ix  are very low. 

By the compar i son  of results obta ined  for five pat tern  molecules,  we could 
obtain  a table  of elements equivalent  to  the e et fl Htickel 's  parameters .  This table 
allows us to  build the F o c k  matr ix  of  any unstra ined sa tura ted  hyd roca rbon  
including all electrons. 

So we p roposed  a very simple paramet r ic  procedure  which yields L C A O  
coefficients (leading to a Mull iken 's  popula t ion  analysis), orbi tal  energies and total  
energy like any ab initio calculation. This procedure  can also be used to s tudy 
sa tura ted  periodic systems like polyethylene.  

We  intend to generalize our  pa ramet r ic  p rocedure  to other  c o m p o u n d s  and 
to per form conformat iona l  analysis by using a relat ion between structural  para-  
meters  and F o c k  matr ix  elements. We purpose  also e laborat ing a general compute r  
p r o g r a m  for systematic  appl icat ions  of this method.  
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